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Questions

1. Is there a systematic method for getting inequality and equality constraints in DAGs
with hidden variables?

2. If yes, are there conditions under which we know we have the complete set of
constraints?

3. Is there a way to identify which constraints are nontrivial?



Previous work

Inequalities

® Pearl [1995] derived the IV inequalities from “first principles”. They are complete
only for the binary IV model.

® Bonet [2001] finds the complete set of constraints in almost all IV settings.

e Sliwa [2003] and Pironio et al. [2011] (and many others) derive inequalities for
different variations of the Bell scenario.

e Kang and Tian [2006] generalize these approaches, but do not get the complete set.
Equalities

® Verma and Pearl [1991] early attempt; Shpitser et al. [2012] more generalized and
they characterize all models with 4 observed variables

® [Evans and Richardson, 2019, Richardson et al., 2023] the nested-Markov
characterization.
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Corollary 5 The extreme points of B are the columns
of matric As.
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Figure 2: Example of matrices A; and A for the binary case. A4; is a ni™ = 8 times mnl = 8 matrix and 4, is
a mnl = 8§ times n'm™ = 16 matrix. The » mark repeated columns.

B is the space where the observed probabilities live under the IV model.



Notation
e Let G(W, U) be a hidden variables DAG
® over variables V= WU U where U are unobserved and W are observed.
o All variables in W are discrete and finite, but no assumptions about U.

e Paobs(W;) = union of observed parents of variables in W;, likewise for Chobs( W),
and Anobs(W;) (which also includes W; itself)

® Let |W| denote the cardinality of the set W, and when used for a single variable, for
example |Wj|, the cardinality of its domain.



Setting

We restrict our attention to DAGs meeting the following conditions:

Condition
All unobserved variables are exogenous, i.e., Pa(U;) = () for all U; € U.

Condition

The child set of each unobserved variable correspond to a distinct set of observed vertices
of at least size 2. That is, for each U; € U, | Chobs(U;)| > 2, Chobs(U;) C W,, and there
is no Uj € U such that Chobs(U;) C Chobs(U;).

Thanks to Evans [2016], we are not losing anything by enforcing Conditions 1 and 2:
DAGs where these conditions do not hold can be transformed to DAGs where they do
hold without changing the implied marginal model.



Definitions

Definition

Let G(W, U) be a hidden variables DAG that obeys Conditions 1 and 2. Remove all edges
that do not originate from variables in U. The sets of variables in W that remain
connected form a partition of W called districts. Denote D(G) = {Dy, ..., D¢} the set of
k districts.

This same concept is called a c-component (short for confounded component) by Tian
and Pearl [2002b], while the term district is used in, e.g., Richardson [2003], Evans [2018],
and Duarte et al. [2023], which we will follow.

Definition
The c-degree of a district D; is the maximum of 1 and the number of variables U; in U for

which there exists a Wy € D; such that U; € Pa(Wy) in G(W, U).
The c-degree of G(W, U) is the maximum of the c-degrees of its districts.



Definition: canonical partition

Definition
Let G(W, U) be a hidden variables DAG that follows Conditions 1, 2, and has a c-degree
of 1. The response variable transformation of G(W, U) is a mixed graph G(W, R) where:
® for each W; € W, introduce a new unobserved variable Ry, that is discrete with
|Wi|¥ levels, where k; = [Tvepaobswy [VIi
® introduce an undirected edge Rw,—Ry; for every pair of variables W;, W; that are in
the same district.

The value of Ry, determines the way that W; responds to its parents. We remove U
having arbitrary distribution and replaces them with categorical R. These are called
response function variables by Balke and Pearl [1994] and selectors by Bonet [2001].

Key point: This does not change the model.
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Figure: A sequential instrumental variable example, and its response function variable
transformation.



Heading towards constraints

® \We exploit the discreteness of the observations.

Say Rw, = b, there exists a response function F’W(Paobs(l/\/,-)) that determines a
value for W; given Paobs(W}).

So ’dJW,- : domain(Paobs(W;)) — domain(W;).

Given values of the response function variables for W; and all of its ancestors, the
value of W; is determined by recursive substitutions [Sachs et al., 2023, Duarte et al.,
2023].

Remark

Therefore we can write observable probabilities in terms of probabilities of response
function variables. Following Tian and Pearl [2002b], we will call the equations relating
these two forms of probabilities functional constraints.




Functional constraints

Proposition
Let W, be the vector of all variables in the same district Dy, and let
W, = Paobs(W;) \ W, be the vector of parents of W, that are not part of W,. If Dy
has a c-degree 1, then for all possible values of the vectors
w1 = (WH, ooy Wlk)a Wy = (W21, ceey WQ[),

1. define the probabilities P* (W) = wy

Wy = wy) as
H P( Wi = Wliy{PaObS(Wl) N Anobs(Wl,-)} \ Wl,').
iiW1;€Dq

and
2. the functional constraints on P*(W; = wi|Ws = wy) under G(W, U) are linear
functions of response function variable probabilities of Ry, .



Side note on causality

One could consider G(W, U) a causal DAG and let P(W; = w;|do(W> = wy)) denote the
joint probability of W) = wj under the intervention that sets Ws = wy. All of the
P*(W; = wy| W5 = we) referenced in Proposition 1 can be given a causal interpretation
using the do operator, such that P*(W) = wy|Ws = we) = P(W) = wy| do(Ws = wr)).
Tian and Pearl [2002a]

One could also consider similar counterfactual quantities, e.g., P(W;(w2) = wy), rather
than the do-operator interventional quantities.



We have everything need, but in the wrong form
® Functional constraints describe the relationships between observable probabilities and
joint probabilities of the response function variables.
® We carefully chose which quantities to look at so that they are:
1. Linear in the joint response probabilities, and

2. Cover the full joint observed distribution

® For each district, the proposition provides a matrix equation p = Br, relating
quantities involving only observed probabilities linearly to joint distribution of
response variables for that district. B is a matrix of Os and 1s.

e |astly, we need a way to state the constraints in terms of only the observables. One
could use quantifier elimination (e.g., CAD Geiger and Meek [1999]), but we use a
geometric approach. They will provide the same result.



V-to-H conversion

V3(07 ]-7 0)

(1,1,1)Tx<1

v1(0 w(1,0,0)

(0,-1,0)Tx< 0

® The matrix equation p = Br encodes

the assumptions that the DAG imposes
on the observed distribution.

Bonet [2001] noted that the columns of
B are the extreme points of the
observables under the model or a
V-presentation in terms of p.

A convex polytope can also be
represented by describing the
intersection of half-planes
(H-representation). [Minkowski-Weyl
Theorem]



V-to-H conversion

V3(07 ]-7 0)

(1,1,1)Tx<1

v1(0 w(1,0,0)

(0,-1,0)Tx< 0

® There are good algorithms to do the

V-to-H conversion (and vice versa), e.g.,

Fukuda [2018].

® Going from V-to-H gives us expressions

involving only the p space.

® The H-representation consists of two
rational matrices H;, He and rational
vectors bj, be such that

H;p < b; and Hep = be.
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Algorithm overview

Inputs: A hidden variables DAG G(W, U), that meets Conditions 1, 2, and has c-degree 1.

1. List the conditional independencies using a standard algorithm based on checking for
d-separation. Qutput: List of standard independence constraints.

2. ldentify the districts D = {Dy, ..., Dy}.
3. Do the response function variable transformation of G into Gt
4. For each district D;:

4.1 Construct the matrix representing the system of linear equations relating

PH (W = wi[Wo = wy) = ZP(Rwl =b) < p=Br
beB
for Wi = D;j and W, = Paobs(W;) \ W,

4.2 Convert to the H-representation

Output: The H-representation and the P* components for each district



Example — The IV model

||
|

P*(Wy =w|We =we) =P(Y=yX=xZ=2)P(X=xZ=2) =
> P((RwRy) = b), forall x,y,2,
beB

where B = {(by, by) : f';),y( % (2)) =y and fﬁ’g(z) = x}. This can be represented by a matrix
equation
Pxy-z = Brxy'



IV example continued

=(0,0,0,0,1,1,0,1,0,1,0,0) T,

H-representation defined by b;

-1 -1

-1

0 -1 -1 -1

0

-1 -1 -1 -1

0



Interpretation

These expressions encode both inequality and equality constraints. For example, the 5th
row of H; and corresponding element of b; encode the constraint

P(Y=1,X=0/Z=0)+P(Y=0,X=0]Z2=1) <1,
which is one of the classic instrumental inequalities as derived by Pearl [1995].
The equality constraints encoded by H, are the standard probabilistic constraints:

Y P(Y=xX=yZ=2) =1, forz=0,1.
x,ye{0,1}

The district {Z} does not admit any constraints other than the probabilistic ones.
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Completeness

Proposition

Let G be a discrete hidden variable DAG satisfying Conditions 1, 2, and having c-degree 1.
Then the constraints derived from the algorithm combined with any conditional
independencies are complete.

Proof overview:

® The district factorization allows us to recover the joint observable distribution P(W)
from the joints within each district given its parents. Then within each district:

® The functional constraints cannot be further factorized because we limit to c-degree
1. Thus they are linear.

® The V-to-H conversion preserves all the functional constraints.

® The only cross-district constraints are conditional independences, which are
enumerated as a separate step.



Trivial constraints

In our IV example, there are some obviously trivial constraints like

Y P(Y=xX=yZ=2)=1, forz=0,1.
x,ye{0,1}
0<P(Y=xX=yZ=2) <1

To identify the subset of potentially nontrivial constraints, consider an unconstrained p
that lives in the Cartesian product of probability simplices, which is a convex polyhedron.
Since the constraints are linear, violations can be witnessed at the extreme points of the
unconstrained polyhedron (fundamental theorem of linear programming).

If these extreme points do not produce violations, the constraints are definitely trivial.



Triviality

Proposition
Let P denote the Cartesian product of probability simplices, one for each unique value of
we, in the order corresponding to p. Check whether H;p > b; or Hep # be for each

p € V(P). Constraints encoded by H; and H, that are not violated by any of the extreme
points of P are trivial.

We are careful with the phrasing here: No violation = definitely trivial
Violation does not necessarily imply nontrivial and observable.
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Candidate nontrivial £ Actually nontrivial
(/ Us 1’
When applying our algorithm to the front door model, we get this reported as potentially
nontrivial:
PA=0)+PA=1)=1.
Written in terms of the interventional quantities that were tested by the algorithm:
P*(A=0M=0)=P*(A=0|M=1).
Which is easily recognized via the definition,

P*(A=alM=m)=P(A=aP(Y=0[A=a,M=m)+
P(A=a)P(Y=1|A=a, M= m) as trivially P(A=0) = P(A=0)



Tripartite Bell scenario

Our algorithm yields 53,894 constraints aside from the independences, out of which there
are 53,856 inequality constraints, in agreement with Sliwa [2003] and Pironio et al. [2011].

Our method further identifies 32,866 of those as potentially nontrivial constraints, 6 of
which are equalities. But how to reduce this number?

TN
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C-degree 2




Merging latents




Triangle scenario
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Our procedure does not yield any constraints, but it is known that there are some [Wolfe
et al., 2019].



General remark

Prior to applying the algorithm, for each district D;:
1. check that the c-degree of D; is at least 2, otherwise pass through;

2. create a new unobserved variable Uj*

3. if there exists an edge from any unobserved variable to W; in D;, add an edge
Ui — W;
4. then remove every unobserved variable other than UJ* from D;.

Remark

Let G’ be a discrete hidden variables DAG satisfying Conditions 1, 2, with c-degree greater
than 1. Let G be the graph obtained from by merging unobserved variables in G' so that
the c-degree is 1. Then the constraints admitted by G hold under G'.

... but they are not necessarily complete.



Other methods

Proposition 5 of Evans [2016] and its extension in [Ansanelli et al., 2025] strong
face-splitting and the HLP Proposition (Theorem 26.1 and 26.4 of [Henson et al., 2014])
provide conditions under which one can add/remove an edge or split-up a latent from a
DAG without changing the observable constraints.

There are potential ways forward Evans [2023]
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Computation time excluding triviality checking

setting time memory allocated
iv-222 38.5ms 1016.2KB
iv-322 39.4ms 1.11MB
iv-332 245.4ms 2.31MB
iv-333 29.5s 6.056MB
seq-2-iv 65.9ms 2.57TMB
seq-3-iv 338.2ms 32.45MB
med-222 39.7ms 1.13MB
bip-Bell-2222 | 39.7ms 1.11MB
bip-Bell-2233 | 787.9ms 2.36MB
trip-Bell 18.4m 56.84MB
quad-Bell — | Out of memory (30GB)

Settings: iv-zxy= IV with number of levels for z,x,y; seq-2-iv=two sequential 1Vs; seq-3-iv=three
sequential IVs; med-222=mediation all binary; bip-Bell-xyab=Bipartite Bell; trip-Bell=tripartite Bell all
binary. Shridharan and lyengar [2023] suggest methods for pruning.



Summary

What we have done:

® \We show that one can extend Bonet [2001] beyond IV provided the functional
constraints are linear, thus providing the complete observable constraints

® We consider a factorization of the joint for which the functional constraints are
always linear within a given class of discrete graphs, i.e. c-degree = 1.

® We provide algorithms to obtain all constraints and for selecting candidate nontrivial
constraints

® Previous work can be used to increase the class of models by showing equivalence to
models with c-degree = 1.

Limitations and future work:
® When can we not reduce the c-degree?

® Better automatic elimination of candidate nontrivials
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